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In this article we develop a hierarchical Bayesian model that allows for quasi-sparsity while maintaining the ability to capture large signals. The proposed prior is adaptive to the degree of quasi-sparsity in the data, and is inspired by local-global shrinkage priors for sparse Gaussian means and linear regression ([@B6]; [@B1], [@B2]; [@B4]). Such priors are structured as scale mixtures of Gaussian densities for computational convenience, with corresponding theoretical support when the true mean or regression vector is mostly zero ([@B16]; [@B4]). Naïvely, one could apply such priors to the coefficients in Poisson log-linear models, but such formulations lack the computational advantages afforded in the Gaussian case and fail to represent quasi-sparsity.

Our proposed model induces inflation of small counts in a continuous manner, which has important advantages over zero-inflated Poisson models and their many variants, such as the zero-inflated generalized Poisson and zero-inflated negative binomial distributions ([@B17]). Under a zero-inflated model, the $\documentclass[12pt]{minimal}
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{p(y_{i} \mid \lambda_{i},\tau)} & {  \propto \left( \frac{\lambda_{i}^{2}\tau^{2}}{1 + \lambda_{i}^{2}\tau^{2}} \right)^{y_{i}}\left( \frac{1}{1 + \lambda_{i}^{2}\tau^{2}} \right)^{\alpha},} \\
{p(y_{i} \mid \kappa_{i})} & {  \propto (1 - \kappa_{i})^{y_{i}}\kappa_{i}^{\alpha}\quad(\alpha > 0)\text{.}} \\
\end{matrix}$$
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Priors on shrinkage factors that have a U-shaped distribution are appealing in shrinking small signals to zero while avoiding shrinkage of larger signals. In normal linear models, such priors have been widely used and include the horseshoe ([@B6]), generalized double Pareto ([@B1]), three-parameter beta ([@B1]) and Dirichlet--Laplace ([@B4]) priors. In quasi-sparse count applications, we require additional flexibility in the mass of the shrinkage parameter $\documentclass[12pt]{minimal}
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Consider the three-parameter beta prior ([@B1]) $$p(\kappa_{i} \mid a,b,\phi) \propto (1 - \kappa_{i})^{a - 1}\kappa_{i}^{b - 1}\{ 1 - (1 - \phi)\kappa_{i}\}^{- (a + b)}\quad(0 \leq \kappa_{i} \leq 1;\, a,b,\phi,\gamma > 0)\text{.}$$
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To extend the flexibility of the prior on $\documentclass[12pt]{minimal}
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3.1. Flexible posterior concentration {#SEC3.1}
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4. S[imulation studies]{.smallcaps} {#SEC4}
===================================

4.1. Quasi-sparse count data {#SEC4.1}
----------------------------

In this section, we present two simulation studies to compare the performance of different estimators for a quasi-sparse Poisson mean vector. We compare our Gauss hypergeometric estimator with the horseshoe estimator, the Kiefer--Wolfowitz nonparametric maximum likelihood estimator, Robbins's frequency ratio estimator, a Bayesian zero-inflated Poisson estimator, and a global shrinkage Bayes estimator. The horseshoe prior is $$\theta_{i} \sim {Ga}(\alpha,\lambda_{i}^{2}\tau^{2}),\quad\lambda_{i} \sim C^{+}(0,1),\quad\tau \sim C^{+}(0,1)\quad(\lambda_{i},\tau > 0),$$ where $\documentclass[12pt]{minimal}
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The global shrinkage estimator is obtained by putting a standard conjugate gamma prior on the Poisson means. The parameters $\documentclass[12pt]{minimal}
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The results are reported in [Table 1](#T1){ref-type="table"}, with boxplots for $\documentclass[12pt]{minimal}
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5. D[etecting rare mutational hotspots]{.smallcaps} {#SEC5}
===================================================

In this section, we apply our methods to count data arising from a massive sequencing study called the Exome Aggregation Consortium. This database reports the total number of mutated alleles or variants along the whole exome for 60 076 individuals, and provides information about genetic variation in the human population. It is widely recognized in the scientific community that these rare changes are responsible for both common and rare diseases ([@B13]). The frequency of mutated alleles is very low or zero at a vast majority of locations across the genome but is substantially higher in certain functionally relevant genomic locations, such as promoters and insulators ([@B12]). An important problem in the study of rare mutations is identification of such mutational hotspots where the mutation rate significantly exceeds the background rate. This is important since these mutational hotspots might be enriched with disease-causing rare variants ([@B8]).

Our goal is to use the method developed in this article to identify potential hotspots harbouring rare variants in a genomic region. We first filter out the common variants with minor allele frequency greater than $\documentclass[12pt]{minimal}
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We compare the shrinkage profile of the Gauss hypergeometric prior with those of the three-parameter beta/horseshoe prior and the Kiefer--Wolfowitz estimator in terms of the number of mutational hotspots identified. We apply the multiple testing rule proposed in $\documentclass[12pt]{minimal}
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}{}$\S$\end{document}$ 4.2 to identify the variants for which the number of mutated alleles is substantially higher than the background. The number of variants identified as nonnull using the Gauss hypergeometric prior, three-parameter beta/horseshoe prior and Kiefer--Wolfowitz method are 7, 81 and 56, respectively. [Figure 5](#F5){ref-type="fig"} shows the posterior probabilities $\documentclass[12pt]{minimal}
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}{}$\omega_i$\end{document}$ of the competing methods; the Gauss hypergeometric prior has a sharpened ability to segregate the substantially higher signals from the background noise. Fig. 5.Comparison of the shrinkage profiles for the Gauss hypergeometric (GH) prior, three-parameter beta/horseshoe (TPB/HS) prior, and Kiefer--Wolfowitz (KW) nonparametric maximum likelihood estimator via scatterplots of the corresponding shrinkage weights.

6. I[dentifying North American cities with the most terrorist attacks]{.smallcaps} {#SEC6}
==================================================================================

We consider an application to a database containing details of all terrorist attacks in the world since 1970, including the location and type of each attack. The global terrorism database defines a terrorist attack as 'the threatened or actual use of illegal force and violence by a non-state actor to attain a political, economic, religious, or social goal through fear, coercion, or intimidation'. We focus on terrorist attacks in North America, aggregated over the years of observation at the level of cities, and our goal is to identify the cities that have been worst hit. As expected, there are many cities with zero or small counts, and a few cities with large counts, such as New York City, Mexico City and Miami. We apply our method to identify the cities with high attack rates. [Figure 6](#F6){ref-type="fig"} shows the observed counts of terrorist attacks along with the posterior mean estimates of the rates for North American cities obtained using three different methods; we show only nonzero observations. As expected, the Gauss hypergeometric method selects the fewest cities, while the Kiefer--Wolfowitz method selects every city that experienced at least one attack. This illustrates the robustness of the Gauss hypergeometric estimator with respect to very small counts, which may correspond to either very sporadic events or errors in recording; for example, an attack may be mislabelled as terrorism-related. Methods that naïvely select all locations with nonzero counts are not very useful in practice. Fig. 6.The total number of terror attacks in North American cities since 1970, together with the posterior mean estimates of the rate of terror attacks under the horseshoe (HS) prior, the Gauss hypergeometric (GH) prior, and the Kiefer--Wolfowitz (KW) estimator. The size and opacity of the points on the maps increase with the value of the observation.
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[Supplementary material](#sup1){ref-type="supplementary-material"} available at *Biometrika* online includes proofs of the theoretical results, a further simulation study, more details about the data analysed in $\documentclass[12pt]{minimal}
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}{}$\S$\end{document}$ 5, and discussion of the performance of the Gauss hypergeometric prior for zero-inflated data without covariates.

[^1]: HS, horseshoe; GH, Gauss hypergeometric; KW, Kiefer--Wolfowitz; ZIP, zero-inflated Poisson.

[^2]: HS, horseshoe; TPB, three-parameter beta; GH, Gauss hypergeometric; KW, Kiefer--Wolfowitz.
